We present two new schemes for quantum teleportation between parties whose reference frames are misaligned by the action of a compact Lie group, which require no prior alignment phase, are unaffected by changes in reference frame alignment that take place during execution, and have the same entangled resource requirements as standard teleportation. The first scheme produces a channel which generally has increased purity compared to the standard teleportation protocol, in some cases substantially, yet communicates no reference frame information between parties, and requires no additional classical communication compared to standard teleportation. The second scheme requires additional classical communication, and does transmit reference frame information, but allows perfect teleportation. The key idea behind both schemes is to allow classical communication via an unspeakable channel.
Introduction

Overview
Motivation. A shared reference frame is an important implicit assumption underlying the correct execution of many quantum protocols [5, 14, 15, 19, 23, 24, 38] . As quantum technologies move into space [2, 33, 43] and handheld devices [11, 12, 41] , scenarios where this assumption is violated are naturally encountered. This problem has already received attention in the case of ground-to-satellite quantum key distribution [2, 20, 21, 37] ; there is also a smaller body of work on quantum teleportation without a shared reference frame [8, 25, 26] , which is increasingly important as quantum repeaters [28] and ground-to-satellite quantum teleportation [33] become experimentally viable.
One general approach to overcoming reference frame misalignment is simply to align reference frames [5, 17, 18, 30, 36] before beginning the quantum procedure. However, this is not applicable if reference frame alignment drifts significantly on timescales shorter than the time taken to perform the protocol, and may be difficult if alignment between more than two parties is necessary [17, 18] . Prior alignment also involves communication of reference frame information, which may be cryptographically sensitive in some scenarios [4, 16, 19] . Another general approach involves the use of decoherence-free subspaces [22] ; as this requires larger Hilbert spaces, practical implementation can be nontrivial, although experimental solutions have been developed for optical systems [9] .
In this paper we describe two new schemes, which we call the tight scheme and the perfect scheme, for quantum teleportation in the absence of a shared reference frame. These schemes are applicable whenever the reference frame transformation group is a compact Lie group, building on previous work by the present authors [39, 40] which treated the finite group case. As with prior alignment schemes, a unspeakable channel (to use the terminology of Peres and Scudo [30] ) is used for communication. Such a channel carries an action of the reference frame transformation group G on the set of messages M , which we write as τ : G × M → M ; a message m ∈ M sent by Alice will be received as τ (g, m) ∈ M by Bob, where g ∈ G represents the reference frame misalignment, unknown to the participants.
• Perfect scheme. This scheme performs perfect teleportation, up to a global phase, while retaining properties (DR) and (ME) of the tight scheme. It violates (MC), (MO) and (NL); in particular, it requires a classical channel capable of communicating full reference frame information. Its key advantage over prior alignment schemes is the (DR) property.
Technical outline. With no prior knowledge of the reference frame transformation relating Alice's and Bob's frames, the effective channel 3 for a conventional protocol will be a uniform average over the unitary channels corresponding to each possible misalignment. More formally, let i be Alice's measurement result, let dg be the uniform Haar probability measure on the group G, let T i,g : B(V ) → B(V ) be the unitary channel induced by a conventional teleportation scheme with reference frame misalignment g ∈ G, and let σ ∈ B(V ) be the state to be teleported. Then the effective channel superoperator T i : B(V ) → B(V ) is given as follows, as a function of the measurement result i:
The effect of our tight scheme is to replace the uniform probability measure dg in this expression with a weighted measure dg p i (g), which is peaked around the identity g = 1 G where the The reference frame transformation group U(1) is parameterised by a single angle variable θ ∈ [−π, π), and has cyclic subgroup Z 4 ⊂ U (1) with fundamental domain F = (−π/4, π/4), highlighted in the left subfigure. The effective channel for a conventional protocol is a uniform average over all θ ∈ [−π, π); the effect of our tight scheme with a reference frame channel is to reduce this to a weighted average with factor p(θ) shown in the right subfigure.
reference frame uncertainty is zero. This has the effect in practice of increasing the fidelity of the overall superoperator T i . Numerical results (see Table 1 ) show that this can for some groups more than double the purity compared to the standard protocol, while in other cases the improvement is more modest.
This makes use of the authors' previous results [39, 40] regarding perfect reference frameindependent quantum teleportation with finite reference frame transformation group H, which used measurement and correction operations defined by an H-equivariant unitary error basis 4 , with the measurement result transmitted through a compatible unspeakable classical channel. For our new teleportation schemes, which apply to any compact Lie group G of reference frame transformations, of possibly infinite order, we consider a finite subgroup H ⊂ G with an Hequivariant unitary error basis and bootstrap the previous results to obtain a protocol that is immune to errors arising from the subgroup H.
For our tight scheme, the factor p i (g) : G → R in the new probability measure depends on the subgroup H, the unspeakable channel, and the encoding scheme used, in such a way that it is peaked around the identity (see Figure 1) . Explicitly, the unspeakable channel has a space of readings C, which carries a smooth measure-preserving action of the group G describing how a change in reference frame affects the readings sent through the channel. If Alice measures result i, she will send a reading from a certain encoding subset E i associated to that value. Bob, for his part, will perform the correction corresponding to i if the reading g ·i he receives lies in a certain decoding subset D i . The factor p i (g) = µ C (D i ∩ g · E i ) is the measure in C of the intersection of the image g · E i of the encoding region E i under the reference frame transformation g and the decoding region D i .
For an important class of unspeakable channels, the factor p i (g) will be derived from a fundamental domain F for the subgroup H ⊂ G. (See Figure 1 for G = U (1).)
For our perfect scheme, additional reference frame information is transmitted by Alice, reducing reference frame uncertainty exactly to the finite group H; the measurement result is simultaneously communicated, so that the previous results [39, 40] can be applied to perform perfect teleportation. Our techniques allow us to 'fold' the measurement result in with the reference frame information, obviating the need to communicate it through a separate channel, and most importantly, maintaining the novel dynamical robustness property.
Transformation group Conventional purity New tight scheme purity
0.59 0.62 (reference frame channel) SU(2) 0.21 0.32 ± 0.02 (reference frame channel) 0.44 ± 0.03 (rod channel) Table 1 : A comparison of the purity achieved by conventional teleportation and our new tight scheme. The numbers shown are purity values for the effective channel, calculated in Section 9. For SU(2), the purity is given for two different unspeakable channels which could be used to implement our scheme.
Constructions and calculations. Our schemes have two requirements: an H-equivariant unitary error basis and a compatible unspeakable classical channel. The existence of Hequivariant unitary error bases was addressed in the authors' previous work [40] . Here we show how the construction of compatible unspeakable channels from shared reference frame systems given in that work can be extended to the case of continuous spaces and infinite groups. We derive an expression for the effective channel induced by our tight teleportation scheme, which we use to calculate channel purity 5 for a variety of groups and unspeakable channels. In particular, we consider G = U(1), arising in teleportation with polarised photons and energy eigenstates of different eigenvalues; and G = SU (2) , arising in teleportation with spin-1 2 particles. Comparing this with the purity for a standard protocol, where an unspeakable channel is not used, we numerically confirm improved purity in each case. The results are shown in Table 1 .
Criticism. Compared to conventional teleportation, our tight scheme shows only a small improvement for the group U(1), for which there already exist experimental methods for dealing with misalignment in optical systems [9, 37] (although these existing methods, based on decoherence free subspaces, are not tight.) Improvements for SU(2) are more substantial. Also, we emphasise that both our tight scheme and our perfect scheme require an unspeakable classical channel on which the reference frame acts nontrivially; by comparison, previous schemes based on prior alignment make use of an unspeakable quantum channel [3, 5, 17, 18, 30, 36] .
Outlook. Our approach may be applicable to other multi-party protocols in the case of reference frame uncertainty; these include quantum key distribution [6, 13] , where reference frameindependent protocols correspond to equivariant complementary orthonormal bases. It may also be possible to generalise our teleportation schemes to continuous variable systems [31] . Such a generalisation would allow us to extend our results to locally compact groups such as the Poincaré group, for which the Haar measure still exists but irreducible representations are in general no longer finite dimensional.
Related work. The connection between reference frames and superselection rules [1, 19] suggests that our results may be applied more broadly; from this perspective, the Doplicher-Roberts theorem [10] shows that the situation of a compact Lie group of reference frame transformations is rather general.
Chiribella et al [8] showed that perfect reference frame-independent teleportation can be achieved only if the state to be teleported is itself invariant under the group action. This result does not apply to our schemes, since we make use of an unspeakable classical channel, a possibility that this previous work did not consider.
Imperfect teleportation with an infinite group of reference frame transformations has been considered by other authors. Chiribella et al [8] considered perfect teleportation with vanishing error in the limit of infinite entangled resources; Marzolino and Buchleitner [25] considered teleportation of identical particles under a particle number superselection rule 6 ; and Kitaev et al [19] showed that a shared quantum reference system could be used to approximate perfect quantum protocols. All these approaches require the size of the shared entangled resource to increase; in contrast, our schemes have the same entanglement requirements as standard quantum teleportation. Our schemes also apply to arbitrary compact Lie groups, whereas the approach of Marzolino and Buchleitner [25] is specific to U(1) uncertainty.
Outline. In Section 2 we give an informal example of our schemes in the case of spatial reference frame uncertainty. In Section 3 we recall results on equivariant unitary error bases and their application to reference frame-independent teleportation. In Section 4 we provide a framework for sending classical information through an unspeakable classical channel with an continuous space of readings. In Section 5 we specify operational procedures underlying our two schemes. In Section 6 we show how a shared reference frame system may be used to construct compatible encodings for any equivariant unitary error basis. In Section 7 we finally define our tight and perfect teleportation schemes. In Section 8 we give another example in the case of phase reference frame uncertainty, which uses the formalism we have developed. In Section 9 we derive numerical results for the tight scheme, shown in Table 1 . In the appendices we recall the effect of reference frame transformations on states and operations, and prove Theorem 5.2 and some technical results about Voronoi cells.
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An example: spatial reference frame uncertainty
We begin with an informal example. Alice and Bob are spatially separated, and their qubits are spin-1 2 particles. Alice plans to teleport a state σ to Bob. They each possess half of the following maximally entangled pair 7 :
However, they do not have a shared spatial reference frame: the Cartesian frame according to which Alice's x-, y-and z-spin axes are defined is related to Bob's by some unknown threedimensional rotation. The reference frame transformation group is SU(2), which acts on a qubit Hilbert space H by its standard matrix representation ρ : SU(2) → B(H). The transformation g(t) ∈ SU(2) which relates Alice's and Bob's frames at time t is unknown, and may vary on timescales shorter than the message transmission time between the parties.
Measurement result Classical transmission 0 Featureless sphere 1 Rod oriented along any axis intersecting the 1-faces 2 Rod oriented along any axis intersecting the 2-faces 3
Rod oriented along any axis intersecting the 3-faces Table 2 : Tight encoding scheme for the rod channel. Alice chooses the precise orientation of the rod uniformly at random from the set of all orientations satisfying the intersection condition.
Conventional scheme. We first suppose that Alice and Bob use the entangled state |η to attempt a standard teleportation protocol [7] , based on the Pauli matrices:
Alice measures the state σ together with her entangled qubit in the maximally entangled orthonormal basis 8 and communicates the measurement result to Bob through an ordinary classical channel. Bob then applies the correction U i to his half of the entangled state. Should both parties' reference frames be aligned, Bob's system will finish in the state σ; this is because the Pauli matrices form a unitary error basis (UEB), a notion we will define later. However, if Bob's frame is related to Alice's by a nontrivial transformation g ∈ SU(2), then from the perspective of Alice's frame, Bob will not perform the intended correction U i , but rather the conjugated unitary 9 ρ(g)
Since the conjugation action of SU (2) has kernel {±I}, we only consider the quotient SO(3) in the following analysis. The transformation g is unknown, so we must average over the whole of SO(3) to find the effective channel, which for measurement result i yields the following expression:
Here dg is the Haar measure on SO(3), and we have used the notation [X](σ) for the conjugation XσX † . Averaging over the four equiprobable measurement results, we find (Section 9.3) that the effective channel purity is approximately 0.21.
Tight scheme. Alice considers a cube centered at the origin of her frame, oriented so that the x-, y-and z-axes form normal vectors to its faces; we call the faces intersected by the x-, y-and z-axes the 1-, 2-and 3-faces respectively. She measures in the basis { |φ i }, and transmits her measurement result using the encoding scheme given in Table 2 , and illustrated in Figure 2 , which we summarize as follows. If Alice receives measurement result 0, she sends a spherically symmetric object (in other words, a featureless sphere) to Bob. Otherwise, if she receives measurement result n ∈ {1, 2, 3}, she prepares a rigid rod in an arbitary orientation in space, centred at the origin of her frame, such that it intersects the n-faces of the cube. She then sends this object through space to Bob by parallel transport. When Bob receives the object from Alice, he performs the reverse of Alice's encoding scheme. If he receives the spherically symmetric object he performs correction U 0 . If he receives a rod, 8 The −i and the U2 in the expression for |φi correspond to the choice of maximally entangled state; see the discussion following Theorem 3.3.
9 For a proof, see Appendix A. Tight encoding scheme for the rod channel. Alice measures 1, chooses at random an orientation of the rod which intersects the 1-faces of the cube in her frame, and communicates the rod to Bob by parallel transport along a straight path. In Bob's frame, related to Alice's by a π/4-rotation around the y-axis, the rod intersects the 3-faces; he therefore performs the correction U 3 .
he moves it by parallel transport to his origin, and observes which faces of the cube it intersects. Bob's cube will of course in general be oriented differently to Alice's, and so he may observe a different intersection than that encoded by Alice. Having observed an intersection with the n-faces, he then performs correction U n . We emphasise that since Alice performs one of 4 actions, and Bob receives one of 4 messages, the scheme transmits precisely 2 bits of classical information. Bob can observe the exact orientation of the rod in his frame, but this conveys no further information, since Alice's measurement result was uniformly random, and so any rod orientation was equally possible.
To see why this encoding scheme leads to increased overall purity for the final state, consider the octahedral subgroup Oct ⊂ SO(3) preserving the cube. The Pauli UEB is equivariant for this subgroup; that is, it is preserved under the conjugation action (3) when g ∈ Oct. Moreover, it is permuted inversely to the labels on the cube's faces under reference frame transformations in this subgroup. Teleportation is therefore perfect if the reference frame misalignment is in the group Oct ⊂ SO(3). 10 It follows from our later analysis (Theorem 5.2) that, for reference frame error uniformly distributed in SO(3), the expression (4) for the effective channel under the tight scheme just described becomes the following, where the new probability measure dg p i (g) : G → R is proportional to the spherical measure of the intersection of the spherical projections of the i-faces with their image under the rotation g ∈ SO(3):
This changes the effective probability distribution over possible misalignments from the uniform distribution to a distribution which is peaked around the identity, where the induced errors will be less pronounced. In Section 9.3 we describe a numerical calculation of the purity of the effective channel as 0.44 ± 0.03, approximately double the value for a conventional scheme. Finally, this scheme is indeed tight. We illustrate the properties of the procedure that we claimed in Section 1.1:
• (ME), (ML). Immediate.
• (DR). The effective channel (5) is unaffected by changes in reference frame orientation during execution, as long as Bob's reference frame does not change between observing the rod in his lab and performing the corresponding correction. • (NL). To an observer outside Alice's lab, the information she communicates is uniformly random. This follows from the fact that her measurement outcomes are equiprobable, and given the measurement outcome i all directions through the corresponding face pair of the cube are equiprobable. Therefore, nothing can be deduced from her transmission about her reference frame orientation.
• (MC). There are four messages Bob can receive: a spherically symmetric object, or a rod oriented through the i-faces for some i ∈ {1, 2, 3}. All four messages are equiprobable. He therefore obtains precisely two bits of classical information.
Perfect scheme. We now give an example of our scheme for perfect teleportation. We call the following family of unitary matrices the tetrahedral qubit unitary error basis [40] :
This UEB is equivariant for the tetrahedral subgroup Tet ⊂ SO(3) preserving a regular tetrahedron centred at the origin with vertices:
We identify the elements of Tet ∼ = A 4 with the permutation they induce on these vertices. Alice again measures in the basis { |φ i }, where
To perform the classical communication, Alice uses a completely asymmetric classical object whose orientation exactly determines a frame of reference. In order to transmit the measurement result i, she aligns the asymmetric object so that the frame determined by its orientation matches her own Cartesian frame. She then rotates the object by an element r A ∈ Tet, according to the prescription in Table 3 , and sends it to Bob. Bob observes the orientation of the object according to his own Cartesian frame, and realigns his frame (actively or passively) by the smallest possible angle so that the rotation r B taking his frame onto that determined by the orientation of the asymmetric object is in Tet. He then uses Table 3 to decide which measurement result j to correct for, and performs -in his own frame -the correction V j .
It will be shown in Proposition 7.6 that this procedure results in perfect teleportation. Of the properties considered in Section 1.1, it possesses the (DR) property, since the parties' reference frame orientation may change arbitrarily during the measurement and transmission phases, and need only remain constant between Bob's receipt of the classical information and his performance of the corresponding correction; it clearly also uses an entangled resource of minimal dimension, and so satisfies (ME). However, the procedure violates (MC), (NL) and (MO), since Bob must realign his frame in order for the protocol to be successful, and he gains information about Alice's reference frame alignment from the orientation he receives.
Background
Before beginning our general exposition, we recall some previous definitions and results which we will require.
Standard protocol
We first recall standard quantum teleportation, where all systems are of the same dimension as the system to be teleported [7, 42] .
Procedure 3.1 (Standard quantum teleportation). Alice is to teleport her state σ ∈ B(V A ) to Bob. She has one half of a bipartite state η ∈ B(V B ⊗ V C ), and Bob the other. All systems are of the same dimension d. She performs a POVM with elements {F i ∈ B(V A ⊗ V B )} i∈I on the system V A ⊗ V B , where I = {0, . . . , d 2 − 1} is the index set of the measurement. She sends the result x ∈ I to Bob through a classical channel. Bob then performs an operator T x ∈ B(V C ) on his half of the entangled state. The data (η, {F i } i∈I , {T i } i∈I ) are correct if Bob is guaranteed to receive the state σ at the end of the procedure.
Werner completely characterised correct data for this procedure [42] . In order to define these data, we introduce the notion of a unitary error basis. Under this correspondence, the shared entangled state η is the maximally entangled state i |i ⊗X |i for a chosen orthonormal basis { |0 , |1 , . . . } and some unitary X. (Any bipartite maximally-entangled pure state is of this form.) Alice measures in the maximally-entangled orthonormal basis { |φ i } i∈I , where
Bob's correction for measurement outcome x is U x . We now consider the effect of reference frame misalignment on Procedure 3.1. Let G be a compact Lie group of reference frame transformations, with unitary representation ρ : G → B(V C ) on Bob's system; here and throughout we assume uniform reference frame uncertainty, where the probability measure over G is the Haar measure dg. We assume that the maximally entangled state |η ∈ V B ⊗ V C is invariant up to a phase under changes in frame, so that the entanglement is not itself degraded by reference frame uncertainty. 11 We work in Alice's frame. In this frame, Alice performs the measurement correctly and sends the result i, but Bob performs the correction ρ(g) † U i ρ(g). 12 Since g ∈ G is unknown, the effective channel when Alice measures i is
Equivariant unitary error bases
In earlier work [40] we showed that equivariant unitary error bases are correct data for reference frame-independent teleportation. We recall these now.
Definition 3.4. Let a finite group H act on a Hilbert space V of dimension d by the representation ρ : H → B(V ). We say that a unitary error basis {U i } i∈I for V is H-equivariant when the right conjugation action of H permutes the elements of {U i } i∈I up to a phase. Explicitly,
where σ : I × H → I is a right action of H on the index set I = {0, . . . , d 2 − 1}, and α : I × H → U (1) is some phase.
The existence of equivariant UEBs for various finite groups H and representations ρ : H → End(V ) was treated in our earlier work [40] . The connection to reference frame independent teleportation is based on the following simple observation.
Proposition 3.5. Let H be a finite group of reference frame transformations with an equivariant unitary error basis {U i } i∈I and corresponding right action σ : I ×H → I. Let Alice communicate the measurement results using a channel whose space of readings I carries the inverse left action σ −1 : H × I → I. Then the teleportation protocol with data {U i } i∈I will function perfectly for all h AB ∈ H.
Proof. In Alice's frame, for measurement result i and for any misalignment h ∈ H, Bob will perform the correction
where ∼ indicates equality up to a phase. The phase is global and so may be ignored.
In this paper we consider faithful actions of infinite groups, for which equivariant UEBs do not exist. However, we can still make use of these results. Our schemes depend on finding a finite subgroup H ⊂ G such that there exists an equivariant UEB for H under the restricted representation. We will then choose an encoding of the measurement result in the classical channel which carries the inverse action in the sense of Proposition 3.5, allowing us to 'quotient' the space of possible misalignments G by the subgroup H.
Encoding schemes
We now introduce a framework for sending classical information (in this case, the measurement outcome) through an unspeakable channel with a continuous space of readings.
Unspeakable channels
Our new schemes depend on the use of a classical channel whose readings are interpreted with respect to the reference frame. The spaces of readings of the classical channels we consider carry a smooth manifold structure with normalised measure dx.
Definition 4.1. We say that a classical channel communicates unspeakable information [30] , or is an unspeakable channel, if its space of readings C is itself described with respect to the reference frame, carrying a nontrivial smooth measure-preserving action of the reference frame transformation group G.
A channel whose space of readings is not described with respect to the reference frame, and which therefore carries a trivial G-action, is called a speakable channel.
Throughout this paper we make the simplifying assumption that there is no channel noise; whatever reading Alice sends through the channel will be received unaltered by Bob, although his description of it may be different. A channel is therefore fully described by its space of readings and the G-action on that space; for this reason we conflate the channel and its space of readings, using the same letter C for both.
Remark 4.2. Since we have chosen the convention that the effect of a change of reference frame on the states of a quantum system corresponds to a left action of the transformation group (see Appendix A), the action of G on the classical channel will be a left action.
Example 4.3. The channels used in Section 2 were unspeakable channels for the group G SU(2) of spatial rotations. (1) is the group of time translations of a quantum system 13 , so that a frame corresponds to a choice of a 'zero of time' t 0 , then a channel through which a signal is sent to arrive at a fixed time, and whose space of readings corresponds to the time of arrival of the signal with respect to the period, is an unspeakable channel.
Compatible encoding schemes
We now specify a framework for encoding of measurement values in an unspeakable channel with a continuous space of readings.
Definition 4.5 (Encoding scheme). Let C be an unspeakable channel and I be a finite set of values to be sent through it. An encoding scheme for I is:
• A space of subsets {E i ⊂ C | i ∈ I}, the encoding subsets, where E i are disjoint open sets.
• A space of subsets {D i ⊂ C | i ∈ I}, the decoding subsets, where D i are disjoint open sets which cover C up to a set of measure zero.
The encoding subset E i is the set of all possible readings Alice can send in order to transmit the value i ∈ I. The decoding subset D i is the set of all possible readings upon receipt of which Bob will record the value i ∈ I.
The success of our protocol depends on encoding schemes which are compatible with the right action of H on the index set of the UEB. We define a general notion of compatibility of an encoding scheme with a right action.
Definition 4.6 (Compatible channel). Let C be an unspeakable channel for a finite group H. Let σ : I × H → I be a right action of H on an index set I. We say that an encoding scheme for I is compatible with σ if:
• The decoding subsets {D i } i∈I and the encoding subsets {E i } i∈I are permuted under the action of H on C, inducing left actions τ D , τ E : H × I → I.
• The left actions τ D , τ E : H × I → I are equal and inverse to the action σ : I × H → I of H on I. That is, for all i ∈ I,
In other words, given a right action of the reference frame transformation group on a set, a compatible encoding scheme for that set induces the inverse left action on the values sent through the channel.
Teleportation procedures
In this section we define the operational procedures which Alice and Bob will follow in our teleportation schemes. Our approach depends on the existence of a compatible encoding scheme for the action σ : I × H → I induced by the right conjugation action of the finite subgroup H ⊂ G on an equivariant UEB with index set I. In Section 6, we will show, using an unspeakable classical channel corresponding to a shared reference frame system, a compatible encoding scheme for any transitive right action σ of H may be constructed.
In order that our procedures can be applied to nontransitive actions, we use the orbit splitting of I under the H-action. Alice will first communicate, through a speakable channel, the orbit O ⊂ I of her measurement result; she will then then communicate the measurement index i ∈ O using an unspeakable classical channel with the set of messages O, compatible with the restricted action σ| O : O × H → O, which is transitive and therefore amenable to our construction in Section 6. We will see that this does not affect any of the desirable properties of the teleportation schemes. Of course, if one can find an equivariant UEB with a single orbit under the H-action [40] , such as the tetrahedral UEB for BTet < SU(2) in Section 2, or combine different orbits in a single physical channel, as in Section 8, this prior speakable communication of the orbit label is unnecessary.
Throughout this section and the rest of the paper, let H ⊂ G be a finite subgroup, let {U i } i∈I be an equivariant UEB for H, let σ : I × H → I be the corresponding right action of H on the index set of the UEB, let I k ⊂ I be the orbits of I under σ, where k is some index for the orbits, and let σ k : I k × H → I k be the corresponding transitive restricted actions.
Without realignment
We first detail a procedure which satisfies the (MO) property, and which will form the basis of our tight scheme.
Procedure 5.1 (Teleportation procedure without realignment). Let C be an unspeakable channel for G (and therefore also for H), and let (D k i , E k i ) i∈I be encoding schemes for I k compatible with σ k :
Alice measures in the basis { |φ i } i∈I (8) as in a standard teleportation protocol. Let her measurement result be i ∈ I k . The result is transmitted as follows.
1. Alice transmits the orbit label k through a speakable channel.
2. Alice sends a reading x chosen uniformly at random from the region E k i . 3. Bob receives g · x ∈ D k j and performs the correction U j . Here g is the reference frame transformation taking Alice's frame at the time of measurement onto Bob's frame at the time of receipt.
We derive an explicit expression for the effective channel obtained using Procedure 5.1 for a general encoding scheme. 
Here 0 ∈ I k is any element of the orbit; the normalising factor (DR) is also satisfied. Since the orbit is unaffected by reference frame transformations, we need only consider the second and third stages of the procedure. In Alice's frame, reference frame misalignment affects Bob's reading of the transmitted measurement result, and his unitary correction. Since the interval between both of these events is limited only by Bob's apparatus, we may assume that his reference frame alignment does not change between these steps. Otherwise, the effective channel (10) is unaffected by unknown arbitrary changes in reference frame alignment throughout the rest of the procedure, since it involves an average over all misalignments in any case.
In general Procedure 5.1 communicates an infinite amount of reference frame information.
Proposition 5.4. Suppose Alice measures i ∈ I k , performs Procedure 5.1, and Bob receives y ∈ C. Bob now knows that the reference frame misalignment g AB ∈ G lies in the subset
With realignment
We now detail a teleportation procedure which involves realignment, and will form the basis of our perfect scheme. For simplicity, we assume that Alice's encoding subsets are singleton sets, as will be the case for our perfect scheme.
Procedure 5.5 (Teleportation procedure with realignment). Let C be an unspeakable channel for G (and therefore also for H), and let (D k i , E k i ) i∈I be encoding schemes for I k compatible with σ k :
, where x k i is a single reading in C. Alice measures in the basis { |φ i } i∈I (8) as in a standard teleportation protocol. Let her measurement result be i ∈ I k . The result is transmitted as follows.
2. Alice sends the reading x k i . 3. Bob receives y = g · x k i ∈ D k j and performs the correction ρ(r j (y))U j ρ(r j (y)) † , where r j (y) ∈ G is any element such that r j (y) · x k j = y.
In words, Bob realigns his frame (actively or passively) so that the reading he receives is x k j , and then performs the correction U j . Here g is the reference frame transformation taking Alice's frame at the time of measurement onto Bob's frame at the time of receipt.
Again, we derive an explicit expression for the effective channel obtained using Procedure 5.5 for a general encoding scheme. Proposition 5.6 (Effective channel for Procedure 5.5). Suppose that Alice measures some result i ∈ I k . Then the channel induced by Procedure 5.5 is as follows:
Here ds is the Haar measure on Stab G (x k i ).
Proof. Alice measures i ∈ I k and communicates x k i to Bob, who receives y ∈ D j , where
We therefore have the following expression for the effective channel:
At each step, we used the fact ρ is a representation. To get the final equality, we used equivariance of the unitary error basis.
Proposition 5.7. Procedure 5.5 satisfies (ME) and (DR).
Proof. Exactly as in Proposition 5.3.
Reference frame channels
Before defining our teleportation schemes, we show how a shared reference frame system can be used to construct compatible encoding schemes for any equivariant unitary error basis.
Definition 6.1. A reference frame system is a classical system described according to a reference frame, on whose set of configurations the reference frame transformation group G acts freely and transitively.
These systems were already considered in the finite case [40] ; the construction here will be a straightforward extension to the infinite case. The reason for the nomenclature is that a reference frame can itself be considered as a physical system [5, 19] , and the action of the group of reference frame transformations on this system is free and transitive by definition.
Example 6.2. The set of orientations of a totally asymmetric solid object in n dimensions is a reference frame system for the group of n-dimensional spatial rotations, as in Section 2.
Example 6.3. The set of orientations of a single vector of fixed length in the plane, specifying the positive x-direction, is a reference frame system for the two-dimensional spatial rotation group U(1), since the orientation of the positive y-direction is determined by perpendicularity and parity.
Example 6.4. The classical system of Example 4.4, where the set of configurations is the time of arrival of the signal, is a reference frame system for the group of periodic time translations U(1).
The way in which the reference frame system is shared is unimportant; it may be passed between Alice and Bob, or it may already be distributed, as in Example 6.4. They will use their shared reference frame system to communicate messages, using the well-known fact that any free and transitive left G-space is isomorphic to the group G considered as a left G-space under left multiplication. 14 They associate each of the configurations of the system to an element of G using a labelling, which is a choice of isomorphism l : C → G depending on their local reference frame configurations. One then obtains an unspeakable classical channel whose messages correspond to elements of G; once Alice fixes a labelling, she communicates element g ∈ G to Bob by preparing the system in the configuration associated to g in her labelling. Bob will then interpret this configuration with respect to his own labelling to obtain someg ∈ G. All G-labellings of a reference frame system C are obtained by choosing an element x e ∈ C such that l(x e ) = e; they are then uniquely determined by the isomorphism condition l(g · x e ) = g · l(x e ) = g. We assume that for a reference frame system there is a canonical procedure (agreed by both parties beforehand) to choose an element x e ∈ C based on one's own frame configuration f ∈ F, where F is the space of reference frame configurations; abstractly, such a procedure corresponds to a map : F → C satisfying the naturality condition
Example 6.5. For the channel of Example 6.2, one can define by aligning marked orthogonal points on the object with one's own Cartesian frame. For the channel of Example 6.3, one can define by aligning the vector with one's own x-axis. For the channel of Example 6.4, one can define by timing the signal to arrive at one's own zero of time, with respect to the period. Definition 6.6. We call l(x) ∈ G for x ∈ C the label of x, and write [l(x)] to refer to x when a labelling has been fixed; in other words, [−] : G → C is the inverse of l. Where Alice and Bob have different labellings l A , l B -as in general they will, given their different frame alignments -we write l A (x), l B (x) for their respective labellings of x, and
We first show how a change in reference frame affects the labelling of the system. Proposition 6.7. Let F be the space of reference frame configurations, and let Alice and Bob have different frame configurations f A ∈ F and f B = g AB ·f A , which they use to label a reference frame system by fixing [e] A = (f A ) and [e] B = (f B ). Then:
Proof. The G labelling of the channel is defined as
We have seen how labelling of a shared reference frame system allows us to construct an unspeakable channel whose set of messages is the set of elements of G, and which carries the action (14) . We call this a reference frame channel. As an example of the utility of such a channel, we give a procedure whereby it can be used to transfer full reference frame information in a single shot.
Procedure 6.8 (Reference frame information transfer). Alice arranges with Bob to send the reading [e]
A which is the identity in her labelling. Bob receives it and sees that it is labelled [g −1 AB ] B in his own frame. He thus learns that the reference frame transformation taking Alice's frame onto his own is g AB .
Encoding schemes for reference frame channels
We now use reference frame channels to construct compatible encoding schemes (Definition 4.6) for any transitive right action of any finite subgroup H ⊂ G.
We fix some H ⊂ G. In order to characterise the possible transitive right actions of H, we recall the following well-known fact. Remark 6.11. We are trying to approximately limit the domain of possible reference frame transformations to F . It is therefore sensible to pick F so that all the readings in it are as close to the identity as possible under some metric. To make this precise one can use Voronoi cells (Definition C.2).
Having fixed some fundamental domain F , we now define the regions [R h ].
Definition 6.12. Fix a subgroup H ⊂ G, and a fundamental domain F for H in G. Then the regions [R h ] for h ∈ H are defined as
These regions are indeed permuted in the desired way.
Lemma 6.13. Let Bob's reference frame configuration f B ∈ F be related to Alice's configuration
Proof. By (14) the labelling on the readings transforms as [g]
This completes the proof.
We now show how to use the above division to obtain compatible encoding schemes (D k i , E k i ) i∈I k for each (I k , σ k ). We know from Lemma 6.9 that (I k , σ k ) is isomorphic as a right H-set to the right coset space (H/L k ) R . Let α k : I k → (H/L k ) R be an isomorphism, where for notational convenience we treat α k as a map onto coset representatives rather than onto cosets themselves. That is, we have α k (i) = c i for i ∈ I k and representatives c i ∈ H of the cosets L k c i .
Definition 6.14. Let L k , H and c i be as above. The tight reference frame encoding scheme is defined as:
The perfect reference frame encoding scheme is defined as:
It is clear that these subsets are disjoint and open and that the {[D k i ]} i∈I k cover the channel up to a set of measure zero; this is therefore an encoding scheme. We now show compatibility.
Proposition 6.15. The encoding schemes of Definition 6.14 are compatible with (I k , σ k ). That is, the subsets (D k i , E k i ) i∈I k carry the following action of H under reference frame changes h AB ∈ H:
The result for [E k i ] in the perfect encoding follows similarly.
Our teleportation schemes
We now define our teleportation schemes. The tight scheme may be performed with any unspeakable channel, whereas the perfect scheme requires a reference frame channel.
Tight teleportation scheme
With a tight encoding scheme, Procedure 5.1 leaks no reference frame information at all. Definition 7.1 (Tight encoding scheme). We say that an encoding scheme (D k i , E k i ) i∈I k is tight if the encoding subsets {E k i } i∈I k cover the space of readings for all k.
Remark 7.2. Since the encoding subsets {E k i } i∈I k are permuted transitively under the action of H, it follows that they all have the same measure.
Example 7.3. The tight encoding scheme for a reference frame channel (Definition 6.14) is tight. The first encoding scheme in Section 2 was tight. Proof. For a tight encoding scheme, Alice is equally likely to send any reading in the channel, since Alice has an equal probability of measuring any i ∈ I k and chooses a reading with uniform probability from the subsets {E k i } i∈I , which have equal measure and cover the space of readings up to a set of measure zero. It follows that the procedure communicates no reference frame information, since without prior knowledge of the reading Alice sent, nothing can be learned from the reading that is received. The (NL) property is therefore satisfied.
The only useful information Bob learns from the message he receives is which of his decoding subsets {D k i } i∈I k the reading he receives lies in; there are k |I k | = |I| = d 2 possible messages, which are equiprobable. In total, therefore, he receives two dits of classical information. The (MC) property is therefore also satisfied.
We therefore define our tight teleportation scheme as follows.
Definition 7.5. Our tight teleportation scheme uses Procedure 5.1 together with a tight encoding scheme for every orbit I k .
Perfect teleportation scheme
Proposition 7.6. Procedure 5.5 with the perfect encoding scheme on a reference frame channel (Definition 6.14) induces a perfect teleportation channel.
Proof. Immediate from Proposition 5.6 and the fact that the stabiliser of any reading in the channel is trivial.
We therefore define our perfect teleportation scheme as follows.
Definition 7.7. Our perfect teleportation scheme uses Procedure 5.5 together with a perfect encoding scheme on a reference frame channel for every orbit I k .
Example: Phase reference frame uncertainty
In our second example, we consider a scenario where Alice and Bob have an optical link along a line of sight, through which they can perform quantum or classical communication mediated by individual photons or classical beams of light. The axis of this link can be treated as a shared z-direction. However, there is no shared xy-frame in the perpendicular plane.
Alice intends to transfer one half of a polarisation-entangled pair of photons to Bob, which can be used to teleport the state of a qubit in her possession. However, reference frame uncertainty may arise from rotation of the devices [20] ; if Bob's device rotates around the axis of the optical link, his description of the polarisation state of the transmitted photon will change.
The reference frame transformation group here is the 2D rotation group U(1). If θ ∈ [0, 2π) is the angle of a clockwise rotation of the 2D Cartesian frame, we have the following action on the state of the photon:
Here the vector acted on by the matrix is (v L , v R ) T , where v L is the left and v R the right circular polarisation coefficient. The reference frame uncertainty affects the conventional protocol in the usual way (9) . It is straightforward to check that the effective channel for a conventional protocol has the following effect on an input density matrix:
Unspeakable channel and encoding scheme. We consider how our schemes can be used to improve performance. We propose that Alice use the polarisation of a classical beam of light to communicate the measurement result. We note first that because the action (15) has kernel {0, π}, we can consider the reduced reference frame transformation group U(1)/Z 2 U (1), with parametrisation [−π/2, π/2). The orientation of the polarisation axis of a linearly polarised light beam carries a free and transitive action of this reduced reference frame transformation group and therefore serves as a reference frame channel.
From the results of our previous paper [40, Theorem 4.1], the largest subgroup of G with an equivariant UEB is Z 4 ; the equivariant UEB is the set of Pauli matrices (2) . We choose the fundamental domain in G as the Voronoi cell of the identity for the metric µ(θ 1 , θ 2 ) = |θ 1 − θ 2 | (see Appendix C). We define the map : F → C by stipulating that the reading labelled by the identity should be the orientation of the x-axis of the labeller's Cartesian frame.
Under the action of Z 4 , the only orbit of the Pauli UEB which is not a singleton is i ∈ {1, 2}. We use the machinery of Section 6.2 to define tight and perfect encoding schemes for this orbit. The tight encoding scheme is: transformations, Bob will receive the measurement result as it was sent. However, if she measures 1 or 2, she sends the measurement result encoded in the polarisation axis of a beam of linearly polarised light, using the regions specified in (16 
where p(θ) is the modulus of a sawtooth wave:
This integral is straightforward to evaluate for an arbitrary input density matrix. The channel for result 2 is similar. Averaging over the possible measurement outcomes, we find that the tight scheme has the following action on an input density matrix:
We see that the quality of the channel has increased slightly, despite the fact that no reference frame information has been transmitted. In particular, the final state is now asymmetric; our protocol teleports unspeakable information even when values 1 and 2 are measured.
Perfect scheme. We now outline our perfect scheme. If Alice measures 0 or 3, she transmits a beam of left or right circularly polarised light respectively; regardless of his reference frame orientation, Bob will receive the polarisation direction transmitted, and perform the required correction. 
Calculations
In this section we assess our tight scheme in the specific cases of U(1) and SU(2) reference frame uncertainty on a qubit, and compute its average purity, comparing this to the purity obtained by the conventional teleportation scheme. Of course, we give no calculations for our perfect scheme, since that yields purity 1 in all cases.
Map purity and its calculation
We begin by introducing the measure we use to evaluate the success of the protocol, the map purity P (ρ T ) [34, 35, 44] . We first recall the definition of the Choi-Jamio lkowski (CJ) state of a channel.
Definition 9.1. The Choi-Jamio lkowski state ρ T of a channel T on a Hilbert space of dimension
where ω is the density matrix of the state
Definition 9.2. The normalised map purity P (T ) of a channel T on a Hilbert space of dimension d is the normalised purity of its CJ state; that is,
For the specific problem of optimising the conventional protocol over the space of all qubit UEBs, we use the normalised linear map purity for ease of calculation.
Definition 9.3. The linear map purity P (T ) of a channel T on a Hilbert space of dimension d is defined as the normalised linear purity of its CJ state; that is,
The map purity, whether linear or not, is easy to calculate and very similar to minimum purity over pure state inputs in the qubit case [35] , which we consider here. In this work there are two situations in which we need to calculate the map purity. The first situation is optimisation of the linear map purity for standard teleportation over the space of all qubit UEBs. We first note that all our channels are random unitary channels. for some label space and probability measure (X, dx), where each U (x) is a unitary matrix.
In our case, the channel is of the form
where U (i, g) are the unitaries, the label space is I ×G, and the probability measure on the label space is dgp(i)q(g); this is the product of the Haar measure, the probability p(i) of measurement result i (which is uniform), and the p.d.f. q(g) over the set of reference frame alignments. We have the following useful expression for the map purity of these channels.
Proposition 9.5 (Map purity of a random unitary channel). Let T be a random unitary channel on a Hilbert space of dimension d. Let I = {0, . . . , n − 1} be a discrete index for the random unitary matrices with probability distribution p(i), i ∈ I, and g ∈ G be a continuous index with p.d.f. q(g)dg, such that the probability of a given unitary is p(i)q(g)dg. Then:
Proof. This is a straightforward unpacking of the definition of P L (T ) for a random unitary channel.
We will also need to calculate the map purity from the matrix expression of the superoperator for a given channel. Recall that a superoperator, as a linear map on the space of density matrices, can be written as a 
Calculations for U(1)
Here we consider the case G = U (1), where the group of reference frame transformations acts on the qubit state as follows:
Conventional scheme. We begin by finding the UEB which optimises linear map purity for a conventional protocol. A general qubit UEB may be expressed as U EV , where U, V are arbitrary unitary matrices and E = {X 0 , X 1 , X 2 , X 3 } is the Pauli UEB (2). Since we ignore global phase, we need only consider unitaries up to their induced rotation of the Bloch sphere. Let Rn(θ) be a Bloch sphere rotation through an angle θ around thex axis; let X i be a Pauli rotation (that is, a rotation through an angle π around the x-, y-or z axis); and letx,ŷ be two unit vectors which correspond to the choice of UEB. Then the equiprobable unitaries are as follows:
We write ∼ to indicate that replacing unitaries (23) with unitaries (24) will yield a channel with the same purity, because of cyclicity of the trace in (21) . The second equality follows by the fact that conjugating a rotation Rx(θ) by another rotation Q gives QRx(θ)Q −1 = R Q(x) (θ). By Lemma 9.5 we therefore have the following expression for the effective channel:
Here the choice of UEB corresponds to a choice of two unit vectors (x,ŷ) or equivalently a choice of angles (ψx, ψŷ, φx, φŷ)
The factor in front of the integral is a product of the normalisation factors for the parameterisation of U(1) and the 1/4 probabilities for measurement results i and j. The simplicity of the integral allows us to numerically evaluate it for givenx,ŷ with negligible error. We performed Nelder-Mead maximisation overx,ŷ and found optimality of the Pauli UEB, corresponding to angles (0, 0, 0, 0). The normalised map purity for this UEB is Tight scheme. To employ our approach we must choose a finite subgroup H ⊂ U(1) for which an equivariant UEB exists. Since the region of integration will be the fundamental domain of such a group, we should choose the largest such subgroup possible; in previous work [40] this was shown to be H Z 4 , for which there exists a two-parameter family of equivariant UEBs, all with the same orbit type:
Here X and Y are the Pauli matrices, and Rn(θ) is the unitary matrix (we ignore phase) which rotates the Bloch sphere through an angle θ about the axisn. The Pauli UEB is the member of this family with parameters θ = π, φ = 0. The tight reference frame encoding scheme for this family of UEBs was given in (16) . We use Theorem 5.2 to calculate the superoperator for the effective channel. Because the group is abelian, conjugation by π(c i ) is irrelevant, so the channel will be identical for measurements 1 and 2. For a similar reason we need only consider the Pauli UEB, since all UEBs in the family yield identical channels. It is easy to derive an analytic expression for p(g); we stated it at the end of Section 8. There we also stated the action on an input density matrix for measurement results 1 and 2. The normalised map purity for the effective channel is
Calculations for SU(2)
We now consider the case G = SU(2), acting on a qubit state by its defining representation.
Conventional scheme. We have a channel of the form (21), which involves integration over SU (2) . In order to obtain a parametrisation and measure for the integral, we use the isomorphism between SU(2) and the unit quaternions. These quaternions, being diffeomorphic to the 3-sphere S 3 , may be parametrised by hyperspherical coordinates (θ, ψ, φ) ∈ D, where
. This parametrisation is inherited by SU(2), along with the Haar measure dΩ on S 3 , as follows:
Here we performed a change of variables from Y i to Y i = V Y i V † , using the invariance of the measure; we omit the tilde on the new variable. We also wrote U := V U ; note that this is the the only significant element in our choice of UEB. There are only three relevant angle variables in the choice of UEB, corresponding to a choice of a single unitary U := V U . We performed random sampling of 100 angle triples and computed the linear map purity of the effective channel for the corresponding UEB using (27) . None of these UEBs outperformed the Pauli matrices. For these the normalised map purity is 1 − 1 2 ln(4) ln 1 2 + ln 1 6 0.21.
Tight scheme with rod channel. The action on the rod channel considered in Section 2 can be most easily expressed using the inner product-preserving isomorphism of SU(2)-spaces
where I, X, Y and Z are the Pauli matrices, S 2 carries the obvious quotient left action of SU (2), and B(C 2 ) carries the left action of SU (2) by conjugation. The encoding and decoding regions are then made up of Voronoi cells for the cardinal points under the metric derived from the Hilbert-Schmidt inner product.
Using the above identification, we calculated p(g) and the integral (4) using Monte Carlo integration with rejection sampling [32] , took the average over the four measurement results, and found normalised map purity 0.44 ± 0.03.
Tight scheme with reference frame channel. Again, we choose the largest possible subgroup H ⊂ SU(2) for which an equivariant UEB exists; in previous work [40] this was shown to be H BOct, where BOct is the binary octahedral group, which has order 48. The group BOct ⊂ SU(2) is the symmetry group of a cube centered at the origin of the Bloch sphere and whose center-to-face axes we take to be the x-, y-and z-axes. The Pauli UEB is, up to phase, the unique UEB equivariant for this subgroup.
We show in Appendix C that the Frobenius distance function (Definition C.3) is an invariant distance function for SU (2) such that the Voronoi cell of the identity of any subgroup in SU (2) is a fundamental domain (Proposition C.5). Let F be the Voronoi cell of the identity element of the subgroup H = BOct.
The channel is perfect for measurement result 0. However, {U 1 , U 2 , U 3 } is a 3-orbit up to a phase under the conjugation action, isomorphic as a right H-set to the right coset space obtained by taking the quotient of H by a certain subgroup K = Stab(U 1 ) ⊂ H. We choose right coset representatives of K in H as follows:
The channel expression is given by Theorem 5.2. We evaluated the integral using Monte Carlo integration with rejection sampling, took the average over the four measurement results, and found the normalised map purity of the effective channel to be 0.32 ± 0.02.
Theorem B.1 (Effective channel for a general encoding scheme). Suppose that Alice measures some result i ∈ I k . Then the channel induced by Procedure 5.1 is as follows:
Here 0 ∈ I k is any element of the orbit; the normalising factor
is a continuous approximation to the indicator function for D k 0 ⊂ C; and {c i } i∈I k , c i ∈ H are such that c i · E k 0 = E k i .
Proof. We define U (x) = U j | x ∈ D k j . Then, in Alice's frame, Bob's correction will be:
where x ∈ E k i is the direction sent by Alice. Since both g AB ∈ G and x ∈ E k i are unknown and uniformly distributed, we must average over both. When Alice measures i ∈ I k , the channel is as follows for input state σ:
Here 1 E k i is a continuous approximation to the indicator function for the region E i ⊂ C. First we show that
; that is, every measurement result in a given orbit produces a similar channel. Indeed, since the product measure dg dφ is invariant under the left G-action g 1 · (g 2 , x) = (g 2 g −1 1 , g 1 · x) on G × C, we can make the change of variables (g, x) → (gc
To obtain the first equality we changed variables and used the fact that ρ is a representation.
For the second equality we used 1 E k i (c i · x) = 1 E k 0 , linearity, and the fact that the action of G on C is measure-preserving. We can therefore restrict our attention to the channel where Alice measures the index 0 ∈ I k .
We will now express the integral for the channel T k 0 as a sum over integrals where Bob performs a definite correction. The action ν : (g, x) → g · x is continuous; it follows that the preimages of the open sets D k i under ν are open and therefore measurable. That the open sets ν −1 (D k i ) cover G × C up to a set of measure zero follows immediately from the fact that the D k i cover C up to a set of measure zero and ν is a submersion. We may therefore split the domain of integration over the ν −1 (D k i ):
Now we observe that the integrals over ν −1 (D k i ) are identical for all i ∈ I k :
The first equality uses that U i = ρ(c i )U 0 ρ(c i ) † , while in the second we performed the change of variables (g, x) → (c i g, x) and noted that 1
. By Fubini's theorem this may be evaluated as an iterated integral, where x is integrated over first:
This produces a weighting for g ∈ G which is precisely the measure in C of the set D k 0 ∩ (g · E k 0 ). The result follows.
C Voronoi cells
Definition C.1. We say that G has an invariant distance function if there is some distance function µ : G × G → R which makes G into a metric space and is invariant under translation, i.e. µ(g 1 , g 2 ) = µ(gg 1 , gg 2 ) = µ(g 1 g, g 2 g) for all g 1 , g 2 , g ∈ G.
Definition C.2. If G has an invariant distance function, we define the Voronoi cells {V h | h ∈ H} as follows:
V h = {g ∈ G | µ(h, g) < µ(h, g)) ∀h = h}
That is, the Voronoi cell of h ∈ H is the set of all g ∈ G which are closer to it than to any other element of H.
It is often possible to use the Voronoi cell V e of the identity as a fundamental domain. In our calculations for SU(2) uncertainty in Section 9, we use the Voronoi cell of the identity under the Frobenius distance function as a fundamental domain for BOct ⊂ SU (2) . We now define the Frobenius distance function and show that the Voronoi cell of the identity for this distance function on SU(2) is indeed a fundamental domain.
Definition C.3. For a matrix Lie group embedded in M (n), one may consider the matrices within G as forming a submanifold of C n 2 ; the Euclidean distance on that space induces a metric on G by restriction, which we call the Frobenius distance function:
In order to show that the Voronoi cell of the identity is a fundamental domain, we first prove a simple lemma.
Lemma C.4. Let G be a compact Lie group with invariant distance function µ, and let H ⊂ G be a finite subgroup. Then the Voronoi cells V h are the H-translates V e h. Moreover, the Voronoi cell of the identity V e is a fundamental domain if for every h ∈ H the set {g ∈ G | µ(g, e) = µ(g, h)}
has measure zero.
Proof. It is easy to see that the Voronoi cells are all H-translates of the Voronoi cell of the identity. Indeed, for x ∈ V e we have that µ(e, x) < µ(h, x) for all h = e. We therefore see that xh ∈ V h , since µ(h 2 , xh) = µ(h 2 h −1 , x), which is minimised when h 2 h −1 = e, that is, when h 2 = h. Therefore V h = V e h. For the first statement, the {V h } h∈H clearly cover G except for some subset of the union h 1 ,h 2 ∈H {g ∈ G | µ(h 1 , g) = µ(h 2 , g)} of sets of points equidistant from two elements of H. If this is of measure zero then V e will be a fundamental domain. Now note that µ(h 1 , g) = µ(h 2 , g) ⇔ µ(e, g −1 h 1 ) = µ(g, h 2 ). Let g = g −1 h 1 . We have
{g ∈ G | µ(h 1 , g) = µ(h 2 , g)} = Finally, we show for SU (2) under the Frobenius distance function that the Voronoi cell of the identity is a fundamental domain.
